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THE PICARD GROUP OF THE LOOP SPACE OF THE
RIEMANN SPHERE
NING ZHANG
Abstract. The loop space LP1 of the Riemann sphere consisting of
all Ck or Sobolev W k,p maps S1 → P1 is an infinite dimensional com-
plex manifold. We compute the Picard group Pic(LP1) of holomorphic
line bundles on LP1 as an infinite dimensional complex Lie group with
Lie algebra the Dolbeault group H0,1(LP1). The group G of Mo¨bius
transformations and its loop group LG act on LP1. We prove that an
element of Pic(LP1) is LG-fixed if it is G-fixed, thus completely answer
the question of Millson and Zombro about the G-equivariant projective
embedding of LP1.
1. Introduction
Let M be a finite dimensional complex manifold. We fix a smoothness
class Ck, k = 1, 2, · · · ,∞, or Sobolev W k,p, k = 1, 2, · · · , 1 ≤ p < ∞, and
consider the loop space LM = LkM , or Lk,pM , of all maps S
1 →M with the
given regularity. It is an infinite dimensional complex Banach/Fre´chet man-
ifold, see [4]. The goal of this paper is to study the Picard group Pic(LP1)
of holomorphic line bundles on the loop space LP1 of the Riemann sphere.
Let G ≃ PGL(2,C) be the group of holomorphic automorphisms of P1.
Its loop space LG with pointwise group operation is again a complex Lie
group and acts on LP1 holomorphically, thus also acts on Pic(LP1) and the
Dolbeault groups of LP1. In [7], Millson and Zombro raised the following
question, which is a direct motivation to study holomorphic line bundles on
LP1: does there exist a G-equivariant holomorphic embedding of LP1 into
a projectivized Banach/Fre´chet space? In [10], the infinite dimensional sub-
group of Pic(LP1) of LG-fixed elements was explicitly constructed; further-
more, it was proved that the space of holomorphic sections of any line bundle
in this subgroup is finite dimensional. The Dolbeault group H0,1(LP1) was
computed and its irreducible G-submodules were identified in [5]. Based
on previous works, this paper offers a complete answer to the question of
Millson and Zombro.
The following are the main results of this paper.
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Let Pic0(LP1) ⊂ Pic(LP1) be the subgroup of topologically trivial line
bundles.
Theorem 1.1. There is an exact sequence of homomorphisms
(1) 0→ H1(LP1,Z)→ H
0,1(LP1)
E
→ Pic0(LP1)→ 0.
The map E in (1) is explicitly constructed, and it is equivariant with
respect to the group of holomorphic automorphisms of LP1.
Theorem 1.1 is closely related to the Dolbeault isomorphism. Let O (resp.
O∗) be the sheaf of germs of holomorphic (resp. non-vanishing holomorphic)
functions. The short exact sequence of sheaves
0→ Z→ O
exp(2pii·)
−→ O∗ → 0
on a complex manifold N induces a long exact sequence of sheaf cohomology
groups
· · · → H1(N,Z)→ H1(N,O)→ H1(N,O∗)→ H2(N,Z)→ · · · ,
where H1(N,O∗) ≃ Pic(N). Thus a map H0,1(N) → Pic(N) similar to E
in (1) would follow from the Dolbeault isomorphism H0,1(N) ≃ H1(N,O).
Such an isomorphism on the space L∞P1 of C
∞ loops can be obtained from
the exactness of the sequence of sheaves E0,0
∂¯
→ E0,1
∂¯
→ E0,2, where Ep,q is the
sheaf of germs of C∞ forms of type (p, q) (see [6, Appendix 3]), and from
the existence of C∞ partitions of unity. However, the above isomorphism
in general fails on an infinite dimensional complex Banach manifold or even
an open subset of a complex Banach space, see [9], and it is not available
on a general loop space. As a consequence of Theorem 1.1 we obtain the
Dolbeault isomorphism H0,1(LP1) ≃ H
1(LP1,O).
Recall that H0,1(LP1), equipped with a natural topology, is a complex
locally convex topological space, see [5, Section 0]. There is a unique complex
Lie group structure on Pic(LP1) such that the map E in (1) is holomorphic,
actually it can be considered as exp(2pii·), where exp is the exponential map
of the Lie group.
If a group G acts on a set V , we write V G for the G-fixed subset.
Theorem 1.2. Pic(LP1)
G = Pic(LP1)
LG; H0,1(LP1)
G = H0,1(LP1)
LG.
By Theorem 1.2 and [10, Theorem 1.2], we obtain the following
Corollary 1.3. If Λ ∈ Pic(LP1)
G, then dimH0(LP1,Λ) <∞.
Therefore there does not exist a G-equivariant holomorphic embedding
of LP1 into a projectivized Banach/Fre´chet space, otherwise the pull back
of the hyperplane section bundle would be in Pic(LP1)
G, and its space of
holomorphic sections would be infinite dimensional, a contradiction.
This paper is organized as follows. In Section 2 we mainly recall some
relevant facts about loop spaces and in particular, LP1. It was proved in
[5] that H0,1(LP1) is isomorphic to a space H of normalized additive Cˇech
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1-cocycles with respect to a fixed open covering of LP1. In Section 3 we
first show that Pic0(LP1) is isomorphic to a space H
∗ of normalized multi-
plicative Cˇech 1-cocycles with respect to the same open covering, then we
study the relation between H and H∗ and prove Theorem 1.1, followed by
a couple of corollaries. At the end of this section, we briefly discuss the
naturality and some special properties of the topology of H0,1(LP1) and of
Pic(LP1). Finally in Section 4, we study the structure of Pic(LP1)
G and
of H0,1(LP1)
G and prove Theorem 1.2. Here a few key objects introduced
in [5] to understand H0,1(LP1) take very special forms and have alternative
explanations when restricted to H0,1(LP1)
G.
The author would like to thank L. Lempert and the referee for their very
helpful comments on the manuscript.
2. Preliminaries
If φ :M →M ′ is a holomorphic map between finite dimensional complex
manifolds, then Lφ : LM ∋ x 7→ φ ◦ x ∈ LM ′ is holomorphic, and L is
functorial. Given t ∈ S1, the evaluation map Et : LM ∋ x 7→ x(t) ∈ M is
holomorphic, see [4]. The constant loops form a submanifold of LM , which
can be identified withM . IfM is paracompact, so is LM , see [2, Proposition
42.3] for L∞M and [8, Theorem 14.17] for all other cases.
Let G ≃ PGL(2,C) be as in Section 1. If we apply the functor L to
the holomorphic action G× P1 → P1, then we obtain a holomorphic action
LG × LP1 → LP1, which induces (right) LG-actions on Pic(LP1) and the
Dolbeault groups of LP1 by pull-backs. In particular, G ⊂ LG acts on LP1.
The group H0,1(LP1) was computed in [5] as follows. Let F be the space
of holomorphic functions F : C× LC→ C with properties
(2)


F (ζ/λ, λ2y) = O(λ2) as C ∋ λ→ 0,
F (ζ, x+ y) = F (ζ, x) + F (ζ, y) if suppx ∩ supp y = ∅,
F (ζ, y + const) = F (ζ, y).
With the compact-open topology F is a complex locally convex space. There
is a holomorphic (right) G-action on F: if g ∈ G, write Jg(ζ) = d(gζ)/dζ,
and set
(3) (Fg)(ζ, y) = F (gζ, y/Jg(ζ))Jg(ζ)
(which is defined for gζ 6= ∞ and can be extended to C × LC by the first
property of F ). Then there is a G-isomorphism H0,1(LP1) ≃ C⊕F of locally
convex spaces, where G acts on the right by the second variable.
If a, b, · · · ∈ P1, set Uab··· = P1 \ {a, b, · · · }. Thus
(4) LU = {LUa : a ∈ P1}
is an open covering of LP1. We consider P1 as C ∪ {∞} and identify LU∞
with LC, a Fre´chet algebra. If g ∈ G, then g(LUab···) = LUg(a)g(b)···.
Given v : P1 → C, finitely many a, b, · · · ∈ P1 and a function u : LUab··· →
C, we say that u is cuspidal with respect to v (as formulated in [5, Section
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3]) if
(5) lim
C∋λ→∞
u
(
g(x+ λ)
)
= v
(
g(∞)
)
for any x ∈ LC and g ∈ G that maps ∞ to one of a, b, · · · . If u is holomor-
phic, then it follows from (5), where we set x = 0, that u|Uab... extends to be a
holomorphic function on P1 which agrees with v at a, b, · · · , thus u|Uab... ≡ c
for some constant c and u is cuspidal with respect to the constant c. Let
(6) indab : LUab ∋ x 7→ indab(x) ∈ Z
(the winding number of x : S1 → Uab). Then indab is cuspidal with respect
to the constant 0, and (indab)a, b∈P1 is a G-fixed Cˇech 1-cocycle with respect
to the covering LU as in (4).
Proposition 2.1. The group H1(LP1,Z) ≃ Z is generated by the Cˇech co-
homology class of (indab). Suppose e : P1 → LP1 is a holomorphic embedding
and there exists t ∈ S1 such that Et ◦ e, where Et is the evaluation, is an
isomorphism of P1. Then e
∗ : H2(LP1,Z)→ H
2(P1,Z) is an isomorphism.
Proof. Recall that H1(LP1,Z) ≃ Z and H
2(LP1,Z) ≃ Z (e.g. see [1, Part
II, Proposition 15.33] and [8, Theorem 13.14]). As every element of the
open covering LU is contractible, we have H1(LU,Z) ≃ H1(LP1,Z). Let
[ρ] be a generator of H1(LU,Z), where ρ is a 1-cocycle. We can write
(indab) = mρ + ρ
′, where m ∈ Z and ρ′ is exact. Since ind∞0 takes value
of any integer and ρ′∞0 is constant, we must have |m| = 1. It is clear that
the map e∗ is surjective, and any surjective homomorphism Z → Z is an
isomorphism. 
Corollary 2.2. Let e be as in Proposition 2.1. Then a bundle Λ ∈ Pic(LP1)
is in Pic0(LP1) if and only if Λ|e(P1) (or in particular Λ|P1) is trivial.
Proof. The conclusion immediately follows from Proposition 2.1 and the
relation of the first Chern classes c1(e
∗Λ) = e∗c1(Λ). 
The proof of the following proposition is similar to that of [10, Proposition
2.3].
Proposition 2.3. Let M
pi
→ B be a holomorphic fiber bundle with fibers
Fb finite dimensional connected compact complex manifolds, and E →M a
holomorphic line bundle. If pi has a holomorphic section σ : B → M such
that E|σ(B) and E|Fb , for all b ∈ B, are holomorphically trivial, then E is
holomorphically trivial.
Proof. Let u be a non-vanishing holomorphic section of E|σ(B), and let s
be the section of E → M such that s|Fb is the holomorphic section of E|Fb
satisfying s(σ(b)) = u(σ(b)). It is clear that s is non-vanishing. Next we
show that s is C∞ and in turn holomorphic.
Let b0 ∈ B. By [3, Proposition 5.1] (where we choose p = 0, q = 1
and f = 0), there exist a neighborhood b0 ∈ B0 ⊂ B and a section v ∈
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C∞(pi−1(B0), E) such that v|Fb is holomorphic for any b ∈ B0, and v|Fb0 6= 0.
By choosing a sufficiently small B0 we can assume that pi
−1(B0)
pi
→ B0 is
trivial and v is non-vanishing. The function s/v on pi−1(B0) is constant
on each fiber Fb, and can also be considered as a function on B0. Since
s/v(b) = u(σ(b))/v(σ(b)), it follows that s/v is C∞. Therefore s is C∞ and
holomorphic on each fiber Fb as well as the cross section σ(B). Apply [3,
Proposition 5.2 (ii)] to the (0,1) form ∂¯s, we obtain that ∂¯s = 0. 
3. The map E : H0,1(LP1)→ Pic
0(LP1)
In this section we construct the map E in (1) and prove Theorem 1.1,
then we compute H1(LP1,O) and Pic(LP1) as corollaries. Finally we study
certain special features of the topology of H0,1(LP1) and of Pic(LP1).
Let H (resp. H∗) be the linear space (resp. group) of holomorphic additive
(resp. multiplicative) Cˇech 1-cocycles (hab ∈ O(LUab))a, b∈P1 (resp. (h
∗
ab ∈
O∗(LUab))a, b∈P1) with respect to the covering LU of LP1 such that every
component hab (resp. h
∗
ab) is cuspidal with respect to v ≡ 0 (resp. v ≡ 1), see
(5). The cocycle (indab) ∈ H. The cuspidal property implies that hab|Uab ≡ 0
(resp. h∗ab|Uab ≡ 1). The group G acts on H (resp. H
∗) by pull-backs.
The space H was defined in [5, Section 3] with the additional requirement
that hab(x) is holomorphic in a and b, but we shall show in Corollary 3.3
that it is redundant.
It was proved in [5] that H0,1(LP1) ≃ H as G-modules. We shall construct
a G-isomorphism Pic0(LP1) ≃ H
∗, and relate H0,1(LP1) and Pic
0(LP1) by
the exponential map H→ H∗.
We begin with a family of normalized non-vanishing holomorphic sections
of a given bundle Λ ∈ Pic0(LP1) over LUa, a ∈ P1, which depend on a
holomorphically.
Proposition 3.1. Let Λ ∈ Pic0(LP1), v a holomorphic section of Λ|P1 and
x0 ∈ LC
∗ (where C∗ = C \ {0}). For any a ∈ P1 there is a unique σa =
σa, v, x0 ∈ H
0(LUa,Λ) such that
(7) lim
C∋λ→∞
σa (g(x+ λx0)) = v(a)
for all x ∈ LU∞ and g ∈ G with g(∞) = a. If v is non-vanishing, so is σa;
and σa depends linearly on v. Furthermore, σ(a, y) = σa(y) is holomorphic
in (a, y).
Proof. Let φ be a continuous complex linear functional on LU∞ such that
φ(x0) = 1, let Z = ker(φ) and consider the holomorphic map
(8) P : P1 ×G× Z ∋ (λ, g, z) 7→ g(z + λx0) ∈ LP1
and the pull-back bundle P ∗Λ. Note that for any g ∈ G and z ∈ Z, the map
P |P1×{g}×{z} is an embedding with image curve C(g, z) passing through
g(∞) ∈ P1 ⊂ LP1. The topologically trivial line bundle Λ|C(g,z) is also
holomorphically trivial, so is P ∗Λ|P1×{g}×{z}. Thus an equivalent statement
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to (7) is that along each curve C(g, z), where g(∞) = a, σa extends to be
the unique holomorphic section of Λ|C(g,z) with value v(a) at a.
The uniqueness of σa follows from the fact that, for any fixed g ∈ G with
g(∞) = a, the set LUa ∪ {a} is covered by curves of the form C(g, z), and
σa is the unique holomorphic section of Λ on each curve satisfying (7). If
v(a) 6= 0, then σa is non-vanishing on each curve, and σa depends on v(a)
linearly on each curve.
As to existence, since P maps {∞} × G × Z to P1 ⊂ LP1, the bundle
P ∗Λ is trivial on {∞} ×G× Z, which can be considered as a cross section
of the trivial P1-bundle P1 × G × Z. It follows from Proposition 2.3 that
P ∗Λ is trivial and we can uniquely extend P ∗v to a section σ˜ ∈ H0(P1 ×
G × Z,P ∗Λ). Note that, for any fixed g ∈ G with g(∞) = a, P maps
C× {g} × Z biholomorphically onto LUa. Let P˜ : P
∗Λ→ Λ be the bundle
map associated with P . Then there exists σa ∈ H
0(LUa,Λ) such that
(9) σa ◦ P = P˜ ◦ σ˜
on C× {g} × Z. It follows from the property of σ˜ that σa satisfies (7).
Choose g ∈ G with g(∞) = a such that g depends holomorphically on a
(which can be done locally). If y = P (λ, g, z) ∈ LUa, then we can write λ
and z in terms of y and g, and equation (9) becomes
σa(y) = P˜
(
σ˜
(
φ
(
g−1(y)
)
, g, g−1(y)− φ
(
g−1(y)
)
x0
))
,
i.e. σa(y) is holomorphic in (a, y). 
When Λ is LG-fixed, two sections σa, v, x0 and σa, v, x1 , x0, x1 ∈ LC
∗, as in
Proposition 3.1 only differ by a multiplicative constant, see [10, Proposition
2.7]. However, this is not true for a general Λ ∈ Pic0(LP1).
Choose v to be non-vanishing and set x0 = 1 in Proposition 3.1. Since
Λ determines v up to a multiplicative constant, we can uniquely associate
with Λ the Cˇech 1-cocycle (h∗ab = σb/σa). The property (7) of σa and σb
implies that (h∗ab) ∈ H
∗.
Proposition 3.2. The G-morphism Pic0(LP1) ∋ Λ 7→ (h
∗
ab) ∈ H
∗ is an
isomorphism of groups.
Proof. It is clear that the kernel only contains the trivial bundle. Given
(h∗ab) ∈ H
∗, we can construct a line bundle Λ by taking the union of LUa ×
C over all a ∈ P1 and identifying {x} × C in LUa × C and LUb × C via
multiplication by h∗ab(x). Let σa be the section of Λ on LUa corresponding
to LUa × {1}. Then h
∗
ab = σb/σa. Since h
∗
ab|Uab ≡ 1, there is a unique non-
vanishing holomorphic section v of Λ|P1 such that v|Ua = σa|Ua . It follows
from Corollary 2.2 that Λ ∈ Pic0(LP1). From the relation σa = σb/h
∗
ab and
the cuspidal property of h∗ab we can obtain (7). 
Any (hab) ∈ H (resp. (h
∗
ab) ∈ H
∗) can be considered as a function on
Ω = {(a, b, x) ∈ P1 × P1 × LP1 : a, b 6∈ x(S
1)}.
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Corollary 3.3. If (hab) ∈ H (resp. (h
∗
ab) ∈ H
∗), then hab(x) (resp. h
∗
ab(x))
is holomorphic in (a, b, x) ∈ Ω.
Proof. By Propositions 3.2 and 3.1 there exist Λ ∈ Pic0(LP1) and sections
σa ∈ H
0(LUa,Λ), a ∈ P1, such that h
∗
ab = σb/σa, and σa(x) is holomorphic
in (a, x). The conclusion immediately follows for (h∗ab). It is also true for
(hab) because (hab) is a logarithm of (exp(hab)) ∈ H
∗. 
As a subspace of O(Ω) with the compact-open topology, H is a complete
locally convex space. The isomorphism H0,1(LP1) ≃ H is topological, see
[5, Section 3].
Next we study the exponential map H→ H∗.
Proposition 3.4. Suppose that we are given finitely many a, b, · · · ∈ P1,
and a function h∗ ∈ O∗(LUab···) cuspidal with respect to a constant c
∗. If
there exists h ∈ O(LUab···) such that exp(h) = h
∗, then h is cuspidal with
respect to a constant c, where exp(c) = c∗.
Proof. The cuspidal property of h∗ implies that h∗|Uab··· ≡ c
∗. So h|Uab··· ≡ c
for some constant c, where exp(c) = c∗. Take any point from {a, b, · · · }, say
a, and fix g ∈ G with g(∞) = a. Since h is a logarithm of h∗, the limit
ω(x) , lim
C∋λ→∞
h(g(x + λ))
exists for any x ∈ LC, exp(ω(x)) ≡ c∗ and ω(0) = c. Next we show that
ω(x) ≡ c.
Recall the map P and the hyperplane Z ⊂ LC as in (8), where we set
x0 = 1. It follows from the definition of ω that, for any x ∈ LC, there exists
z ∈ Z such that ω(x) = ω(z). We only need to show that ω is continuous,
thus constant on any line Cz spanned by z ∈ Z \ {0}, so ω(z) = ω(0) = c.
Let Pg, z : P1 × Cz → LP1 be the map obtained from P with the fixed g
and z above. Note that Pg, z maps a neighborhood U of the set {∞} × Cz
to LUab··· ∪ {a}, and a point of U is mapped to a if and only if it is in
{∞} × Cz. Define the function τ∗ on U as in the following: τ∗ takes value
c∗ on {∞} × Cz, and τ∗ = P ∗g, zh
∗ otherwise. It follows from the cuspidal
property of h∗ that τ∗ is holomorphic with respect to each variable, thus
holomorphic on U . Given ζ0 ∈ C, we choose a small neighborhood V ⊂ U of
(∞, ζ0z) such that V is simply connected, and V \{∞}×Cz is connected. Let
τ be the logarithm of τ∗ on V such that τ agrees with P ∗g, zh on V \{∞}×Cz.
Then ω(ζz) = τ(∞, ζz) for ζ near ζ0, and ω is continuous on Cz. 
Lemma 3.5. The G-morphism E : H ∋ (hab) 7→ (exp(2piihab)) ∈ H
∗ is
surjective, and its kernel consists of integer multiples of the cocycle (indab)
as in (6).
Proof. Let h∗ ∈ H∗. Since the line bundle associated with h∗ is topologically
trivial, there exist non-vanishing functions ψ∗a ∈ C(LUa), a ∈ P1, such that
ψ∗b/ψ
∗
a = h
∗
ab. As h
∗
ab|Uab ≡ 1, the functions ψ
∗
a|Ua , a ∈ P1, form a non-
vanishing continuous function v on P1 ⊂ LP1. Fix a logarithm u of v.
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Since LUa, a ∈ P1, are simply connected, there exist ψa ∈ C(LUa) such
that exp(2piiψa) = ψ
∗
a and 2piiψa|Ua = u|Ua . Consider the Cˇech 1-cocycle
(hab = ψb − ψa). It is clear that hab|Uab ≡ 0 and exp(2piihab) = h
∗
ab, so hab ∈
O(LUab). It follows from Proposition 3.4 that hab is cuspidal with respect
to the constant 0, therefore (hab) ∈ H.
The cocycle (indab) is clearly in the kernel of E. Suppose h ∈ H is in
the kernel of E, then it must be Z-valued, thus generates a cohomology
class in H1(LU,Z) ≃ H1(LP1,Z). It follows from Proposition 2.1 that h =
m(indab) + h
′, where m ∈ Z and h′ is an exact Z-valued cochain of LU, in
particular, any component h′ab is constant. The cuspidal property of h
′
ab
implies that h′ab ≡ 0. 
Now H∗, the quotient space of the complex locally convex space H modulo
a discrete subgroup, is a complex Lie group with the quotient topology.
We shall show in Proposition 3.11 that this topology of H∗ is actually the
compact-open topology.
Theorem 1.1 immediately follows from [5, Theorem 3.3] (thatH0,1(LP1) ≃
H), Proposition 3.2, Lemma 3.5 and Proposition 2.1. The map E in Theorem
1.1 is the one in Lemma 3.5. If we endow Pic0(LP1) with the complex Lie
group structure from H∗, then the map E in Theorem 1.1 is just exp(2pii·),
where exp is the exponential map of the Lie group. There is a unique com-
plex Lie group structure on Pic(LP1) such that Pic
0(LP1) is the component
containing 1 ∈ Pic(LP1).
Next we draw a couple of corollaries of Lemma 3.5/Theorem 1.1.
Note that any 1-cocycle in H (resp. H∗) generates a Cˇech cohomology
class in H1(LU,O) (resp. H1(LU,O∗)). From the definition of H (resp. H∗)
we obtain the following
Proposition 3.6. The map H → H1(LU,O) (resp. H∗ → H1(LU,O∗)) is
injective.
Proof. If {hab} ∈ H is exact, i.e. there exist ha ∈ O(LUa), a ∈ P1, such that
hab = ha − hb, it follows from the cuspidal property of hab that
lim
C∋λ→∞
ha
(
g(x+ λ)
)
= lim
λ→∞
(hab + hb)
(
g(x+ λ)
)
= hb(a),
for any x ∈ LC and g ∈ G with g(∞) = a. So ha is constant along any curve
of the form {g(x+ λ) : λ ∈ P1} ⊂ LP1, and ha ≡ hb(a). Also hb is constant,
thus hab ≡ 0. The conclusion for H
∗ follows from similar arguments. 
Therefore we can consider H (resp. H∗) as a subspace (resp. subgroup)
of H1(LU,O) (resp. H1(LU,O∗)), which is, in turn, a subspace (resp. sub-
group) of H1(LP1,O) (resp. H
1(LP1,O
∗)).
Corollary 3.7. The maps H → H1(LU,O) → H1(LP1,O) are isomor-
phisms of groups. In particular, H0,1(LP1) ≃ H
1(LP1,O).
Proof. Since LP1 is rationally connected, see the proof of Proposition 3.1,
any holomorphic function on LP1 is constant. Therefore H
0(LP1,O) ≃ C
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and H0(LP1,O
∗) ≃ C∗. The short exact sequence of sheaves 0 → Z →
O
exp(2pii·)
−→ O∗ → 0 induces a long exact sequence of cohomology groups
0→ Z→ C→ C∗ → H1(LP1,Z)→ H
1(LP1,O)
exp(2pii·)∗
−→ H1(LP1,O
∗)→ H2(LP1,Z)→ · · · ,(10)
where the kernel of exp(2pii·)∗ is H1(LP1,Z)⊂ H ⊂ H
1(LP1,O), and the
range of exp(2pii·)∗ is Pic0(LP1) ⊂ H
1(LP1,O
∗). It follows from Lemma 3.5
and Propositions 2.1 and 3.2 that the map exp(2pii·)∗ and its restriction to
H have the same kernel and the same range, thus the map H→ H1(LP1,O)
is an isomorphism. 
With the Dolbeault isomorphism in Corollary 3.7, the map E in Theorem
1.1 can be considered as exp(2pii·)∗ in (10), thus it is equivariant with respect
to the group of holomorphic automorphisms of LP1.
Now Pic0(LP1) can be computed as a quotient group by Theorem 1.1.
To identify Pic0(LP1) more precisely, we recall a few concepts which played
key roles in [5], and which are also useful in the next section. Let F be the
function space as in (2). In [5, Section 4], a map α : H→ F was introduced
as follows. Given h = (hab) ∈ H, the cocycle relation implies that dζhaζ(x)
is independent of a. For ζ ∈ C we can write
(11) dζhaζ(x) = F
(
ζ,
1
ζ − x
)
dζ, x ∈ LUζ ,
where F ∈ O(C × LC). It turns out that F ∈ F, and we define α(h) = F .
The map α is a continuous G-morphism. It was proved in [5, Section 5] that
the kernel of α is one-dimensional, spanned by the 1-cocycle (indab) as in
(6), and α has a right inverse β, which is continuous and G-equivariant.
Since the kernel of exp = E(·/2pii) : H → H∗ is contained in the kernel
of α : H → F, we have a well-defined continuous G-morphism α∗ : H∗ → F
such that
(12) α∗ ◦ exp = α.
Proposition 3.8. The map α∗ has a continuous G-equivariant right inverse
β∗, and its kernel consists of cocycles of the form
(13)
(
ζ indab
)
, ζ ∈ C∗.
Proof. The right inverse β∗ is the composition of the right inverse of α and
the map exp : H → H∗. It is straightforward to verify that elements of
ker(α∗) = exp(ker(α)) take the form as in (13). 
Since H2(LP1,Z) ≃ Z, we obtain the following
Corollary 3.9. Pic(LP1) ≃ C
∗ × F× Z.
Recall that H (resp. H∗) is a subset of O(Ω) (resp. O∗(Ω)). In the
remainder of this section we are going to study the compact-open topology
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on H and on H∗. If we consider the 1-cocycle (indab) as a function ind :
Ω → Z, then for any m ∈ Z, the subset ind−1(m) 6= ∅ is a path connected
component of Ω.
Let X ⊂ C×LC be a compact subset and let X ′ be the inverse image of
X under the homeomorphism
{(ζ, x) ∈ C× LP1 : x ∈ LUζ} ∋ (ζ, x) 7→
(
ζ, 1/(ζ − x)
)
∈ C× LC
(see (11)). If 0 < r < inf(ζ, x)∈X′, t∈S1 |ζ − x(t)| (where |ζ − x(t)| = +∞
when x(t) =∞ ∈ P1), then
(14) K = K(X ′, r) = {(ζ, ζ + z, x) : (ζ, x) ∈ X ′, z ∈ C, |z| ≤ r}
is a compact subset of {(a, b, x) ∈ Ω : a, b 6=∞, indab(x) = 0}.
Proposition 3.10. With notation above, we have
(15) sup
X
|α(h)| ≤ r−1 sup
K
|h|
for any h ∈ H; and if 0 < δ < 1, then there exists a constant C2 = C2(δ) > 0
such that
(16) sup
K
|h| ≤ C2 sup
K
|exp h− 1|
for any h ∈ H with supK | exp h− 1| ≤ δ.
Proof. Taking the derivative of h(ζ, ζ + z, x) with respect to z at z = 0
for any (ζ, x) ∈ X ′, the inequality (15) follows from (11) and Cauchy’s
estimate. Note that h(ζ, ζ, x) = 0 for all (ζ, x) ∈ X ′, i.e. on every path
connected component of K we can find a point where h vanishes. Thus (16)
follows from basic properties of the branch of lnw on {w ∈ C : |w − 1| < δ}
sending w = 1 to 0. 
Proposition 3.11. Let ω0 ∈ Ω \ ind
−1(0) be fixed. Then the following
topologies of H (resp. H∗) are the same.
(a) The compact-open topology of H (resp. the quotient topology of H∗
induced by the homomorphism E : H→ H∗).
(b) The topology that has as a basis the sets {h ∈ H : supK∪{ω0} |h−h0| <
ε} (resp. {h∗ ∈ H∗ : supK∪{ω0} |h
∗−h∗0| < ε}), where K ⊂ {(a, b, x) ∈
Ω : a, b 6=∞, indab(x) = 0} is compact, h0 ∈ H (resp. h
∗
0 ∈ H
∗), and
ε > 0.
Proof. Let Ta and Tb denote the topologies in (a) and (b) respectively. It
follows from Proposition 3.10 that the homomorphism α : (H,Tb)→ F (resp.
α∗ : (H∗,Tb) → F) between topological vector spaces (resp. topological
groups) is continuous. With the relative topology its kernel is isomorphic to
C (resp. C∗), and its right inverse β : F→ (H,Tb) (resp. β
∗ : F→ (H∗,Tb))
is also continuous (for Ta is finer than Tb). So these homomorphisms induce
isomorphisms (H,Tb) ≃ C×F ≃ (H,Ta) (resp. (H
∗,Tb)≃C
∗×F ≃ (H∗,Ta)).

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Since the compact-open topology of H∗ is finer than the one in Proposition
3.11(b) and coarser than the other in (a), they are all the same.
4. The structure of G-fixed subgroups
In this section we study the structure of H0,1(LP1)
G and of Pic(LP1)
G,
and in particular, prove Theorem 1.2. We begin with explicit constructions
of all elements of HG and (H∗)G.
Let Hom(LC∗,C) (resp. Hom(LC∗,C∗)) be the linear space (resp. group)
of all holomorphic homomorphisms from the loop group LC∗ to C (resp. C∗).
With the compact-open topology Hom(LC∗,C) is a complex locally convex
space. If ψ ∈ Hom(LC∗,C) and ϕ ∈ Hom(LC∗,C∗), then ψ(z) = 0 and
ϕ(z) = zn for z ∈ C∗ ⊂ LC∗, where n is a fixed integer, and we call this
n the order of ϕ. We write Hom0(LC∗,C∗) for the subgroup of zero order
elements of Hom(LC∗,C∗).
Let (LC)′ be the space of continuous linear functionals on LC and let
A = {φ ∈ (LC)′ : φ|C ≡ 0}.
Associated with any ψ ∈ Hom(LC∗,C) there is a commutative diagram
(17)
LC C
LC∗ C∗,
✲
❄ ❄
✲
✟
✟
✟
✟
✟✟✯
ϕ
φ
ψ expexp
where ϕ ∈ Hom0(LC∗,C∗) is obtained by composition, and φ ∈ A is the Lie
algebra homomorphism of ψ and ϕ. Let L0C∗ ⊂ LC∗ be the subgroup of
loops with winding number 0. Given φ ∈ A, the homomorphism L0C∗ ∋
x 7→ φ(ln(x)) ∈ C is independent of the choice of ln(x) and therefore well
defined, from which it follows that the space of φ (resp. ϕ) generated as
in (17) is all of A (resp. Hom0(LC∗,C∗)). Thus Hom0(LC∗,C∗), as the
quotient space of Hom(LC∗,C) modulo a discrete subgroup, is a complex
Lie group.
Let ψ ∈ Hom(LC∗,C) and gab ∈ G ⊂ LG such that gab(a) = ∞ and
gab(b) = 0. Consider ψ as a function on LU∞0 and define h
ψ
ab = g
∗
abψ ∈
O(LUab). The property ψ|C∗ ≡ 0 implies that h
ψ
ab is independent of the
choice of gab. In particular,
(18) hψab(x) =


ψ(x− b), a =∞;
−ψ(x− a), b =∞;
ψ
(
(x− b)(x− a)−1
)
, otherwise.
Thus hψ = (hψab) is a Cˇech 1-cocycle of the covering LU. We claim that h
ψ
ab
is cuspidal with respect to the constant 0. It follows from the definition that
hψ is G-fixed, so we only need to show the cuspidal property of hψ∞0 = ψ.
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Indeed,
lim
C∋λ→∞
ψ(x+ λ) = lim
λ→∞
ψ (x/λ+ 1) = 0.
Therefore hψ ∈ HG.
If we replace ψ by ϕ ∈ Hom0(LC∗,C∗) in above, then the same procedure
yields a multiplicative Cˇech 1-cocycle h∗ϕ = (g∗abϕ) ∈ (H
∗)G, which is the
same 1-cocycle as the one constructed in [10, (2.4)].
Lemma 4.1. Let ψ, φ and ϕ be as in (17).
(a) If we consider elements of A as functions on C×LC independent of
the first variable, then A = FG and α(hψ) = α∗(h∗ϕ) = φ.
(b) The map ψ 7→ hψ (resp. ϕ 7→ h∗ϕ) is an isomorphism Hom(LC∗,C)
→ HG (resp. Hom0(LC∗,C∗) → (H∗)G) of complex locally convex
spaces (resp. complex Lie groups).
Proof. (a) It follows from the definition of F as in (2) and of the G-action
on F as in (3) that A ⊂ FG. Let F ∈ FG. By considering the action of
the Mo¨bius transformations ζ 7→ ζ + λ, λ ∈ C, and ζ 7→ λζ, λ ∈ C∗, on
F , we can conclude that F is independent of the first variable and linear
with respect to the second variable. The third property in the definition of
F implies that F |C ≡ 0. Thus F ∈ A and F
G ⊂ A.
Next we compute α(hψ) by (11) and (18). Choose a =∞ in (11), and we
only need to compute the derivative at ζ = 0 (as α(hψ) ∈ FG is independent
of ζ). So
α(hψ)(−1/x) =
d
dζ
∣∣∣∣
ζ=0
h
ψ
∞ζ(x) = lim
ζ→0
ψ(x− ζ)− ψ(x)
ζ
= lim
ζ→0
ψ (1− ζ/x)
ζ
= φ (−1/x) ,
where x ∈ LU0, and the second limit above represents the derivative of
ψ at 1 ∈ LC∗ in the direction of −1/x. Thus α(hψ) = φ. Note that
exp(hψ) = h∗ϕ. It follows from the definition of α∗ that α∗(h∗ϕ) = φ.
(b) As ψ = hψ∞0, the map ψ 7→ h
ψ is clearly injective. Let h ∈ HG.
By (a) there exists hψ such that α(hψ) = α(h) ∈ FG. Thus h − hψ =
c(indab) = h
c ind∞0 , where c ∈ C is a constant and ind∞0 ∈ Hom(LC
∗,C).
So h = hψ+c ind∞0 . Since hψab = g
∗
abψ and ψ = h
ψ
∞0, the isomorphism ψ 7→ h
ψ
is topological. The conclusion for the map ϕ 7→ h∗ϕ follows from similar
arguments. 
It follows from the relation between Hom0(LC∗,C∗) and (H∗)G and Propo-
sition 3.11 that the quotient topology of Hom0(LC∗,C∗) inherited from
Hom(LC∗,C) is the same as the compact-open topology.
Proof of Theorem 1.2 Since each bundle Λ ∈ Pic(LP1) is a product of a
LG-fixed bundle and a bundle in Pic0(LP1), see [10, (2.5)], the conclusion
Pic(LP1)
G = Pic(LP1)
LG follows from Pic0(LP1)
G = Pic0(LP1)
LG. Let
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Λ ∈ Pic0(LP1)
G. By Proposition 3.2 and Lemma 4.1(b) Λ is generated by
a 1-cocycle of the form h∗ϕ, ϕ ∈ Hom0(LC∗,C∗), the same one as in [10,
(2.4)]. By [10, Propositions 2.2, 2.1] Λ is LG-fixed.
Let [f ] ∈ H0,1(LP1)
G and [f0] a generator of ker(E) ⊂ H
0,1(LP1)
LG, see
(1). Since E([f ]) is LG-fixed, we have g[f ] = [f ] +m(g)[f0], where g ∈ LG,
and m : LG → Z is a group homomorphism, constant on each component
of LG. Thus m ≡ 0 and [f ] ∈ H0,1(LP1)
LG. 
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